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$( \frac{\partial}{\partial x}+a\frac{\partial}{\partial y})(\frac{\partial}{\partial x}-a\frac{\partial}{\partial y})u=0$
$u=f(y+ax)+g(y-ax)$
$f,$ $g$
$)$ (source term )
$\frac{\partial^{2}u}{\partial x^{2}}-a^{2}\frac{\partial^{2}u}{\partial y^{2}}=\phi(x, y)$ .
1
$\frac{\partial u}{\partial x}-a\frac{\partial u}{\partial y}=\phi,$
$( \frac{\partial}{\partial x}-a\frac{\partial}{\partial y})u=\phi.$
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$(\tau\tau_{y)u=\phi}.$
$u=e^{ax_{Ty}^{\partial}} \int^{x}e^{-ax’\frac{\partial}{\partial y}}\phi(x’, y)dx’$
$= \int^{x}\phi(x’, y+a(x-x’))dx’$
$u=( \frac{\partial^{2}}{\partial x^{2}}-a^{2}\frac{\partial^{2}}{\partial y^{2}})^{-1}\phi(x, y)$
$=(2a \frac{\partial}{\partial y})^{-1}[(\frac{\partial}{\partial x}-a\frac{\partial}{\partial y})^{-1}-(\frac{\partial}{\partial x}+a\frac{\partial}{\partial y})^{-1}]\phi(x, y)$ .
$=(2a \frac{\partial}{\partial y})^{-1}[e^{ax\frac{\partial}{\partial y}}\int^{x}e^{-ax\frac{\partial}{\partial y}}\phi(x, y)dy-e^{-ax\frac{\partial}{\partial y}}\int^{x}e^{ax\frac{\partial}{\partial y}}\phi(x, y)dy]$







$\frac{\partial u}{\partial t}=\nu\frac{\partial^{2}u}{\partial x^{2}}$







$l= \sqrt{\nu t}\frac{\partial}{\partial x}$ (Forsyth [7])
$u=e^{\nu t\partial_{x}^{2}}u_{0}(x)= \frac{1}{\sqrt{\pi}}\int_{-\infty}^{\infty}e^{-z^{2}+2z\sqrt{\nu t}\partial_{x}}u_{0}(x)dz$
[ (uncompletion of squares)
Schulman [9] p.325 ] $e^{h\partial_{x}}f(x)=f(x+h)$
$u= \frac{1}{\sqrt{\pi}}\int_{-\infty}^{\infty}e^{-z^{2}}u_{0}(x+2z\sqrt{\nu t})dz=\frac{1}{\sqrt{4\pi\nu t}}\int_{-\infty}^{\infty}e^{-\frac{(x-y)^{2}}{4\nu t}}u_{0}(y)dy$
$)$ $KdV$
$\frac{\partial u}{\partial t}+\frac{\partial^{3}u}{\partial x^{3}}=-6u\frac{\partial u}{\partial x}$
Fourier (Coif-
man and Meyer [11], also [10] $)$ Fourier
$u(x, t)= \sum_{k=1}^{\infty}u_{k}(x., t), u_{k}(x, t)=\int e^{ix\Sigma_{i=1}^{k}\xi_{i}}\sigma_{k}(\xi, t)v(\xi_{1})\ldots\nu(\xi_{k})d\xi_{1}\ldots d\xi_{k}$
$\frac{\partial u_{k}}{\partial t}+\frac{\partial^{3}u_{k}}{\partial x^{3}}=-3\frac{\partial}{\partial x}\sum_{j=1}^{k-1}u_{j}u_{k-j}.$
$\sigma_{k}(\xi, t)=e$ $\Sigma_{j=1}^{k}\xi_{j\sigma_{k}(\xi)}^{3}$







$u_{k}(x, t)= \frac{\partial}{i\partial x}\int\nu_{x,t}(\eta)(C_{\nu})^{k-1}[1](\eta)d\eta$













tional Defferential Equation, $FDE$)
$\frac{\partial\Phi}{\partial t}=-\frac{i}{2}\int\theta(x)\frac{\partial}{\partial x}\frac{\delta^{2}\Phi}{\delta\theta(x)^{2}}dx+\nu\int\theta(x)\frac{\partial^{2}}{\partial x^{2}}\frac{\delta\Phi}{\delta\theta(x)}dx$
(Burgers )






$D \equiv\int dx\theta(x)\frac{\partial^{2}}{\partial x^{2}}\frac{\delta}{\delta\theta(x)}$
( )





$\exp(\nu tD)\frac{\partial}{\partial t}\exp(-\nu tD)\Phi[\theta]=-\frac{i}{2}\int\theta(x)\frac{\partial}{\partial x}\frac{\delta^{2}\Phi}{\delta\theta(x)^{2}}dx.$
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Duhamel Hopf
$\Phi[\theta(x), t]=\exp(\nu tD)\Phi_{0}[\theta]-\frac{i}{2}\int_{0}^{t}\exp(v(t-s)D)\int\theta(x)\frac{\partial}{\partial x}\frac{\delta^{2}\Phi}{\delta\theta(x)^{2}}[\theta(x), \mathcal{S}]dxds$
$G \equiv-\frac{i}{2}\int_{0}^{t}ds\exp(\nu(t-s)D)\int dx\theta(x)\frac{\partial}{\partial x}\frac{\delta^{2}}{\delta\theta(x)^{2}}$
Hopf
$\Phi=\tilde{\Phi}+G\Phi$




























$u(x)= \int v(\xi)e^{i\xi x}d\xi.$
( )
$\frac{\partial v}{\partial t}(\xi, t)=-\frac{i\xi}{2}\int v(\xi-\eta)v(\eta)d\eta-\nu\xi^{2}v(\xi)$




$v$ $F[v(\xi, t), t]$ $z(\xi)$
Taylor
$F[v]= \sum_{r=0}^{\infty}\int_{\mathbb{R}^{r}}F^{r}(\eta_{1}\ldots\eta_{r}, t)v(\eta_{1})\ldots v(\eta_{r})d\eta_{1}\ldots d\eta_{r}$
$F^{0}=$ const. $F^{r}$
$r$
$M_{0}^{r}(\eta_{1}, \ldots, \eta_{r})=\langle v(\eta_{1})\ldots v(\eta_{r})\rangle_{0}$
Taylor
$F^{r}( \eta_{1}\ldots\eta_{r}, 0)=\frac{i^{r}}{r!}z(\eta_{1})\ldots z(\eta_{r})\equiv G^{r}(\eta_{1}\ldots\eta_{r})$
: Hopf $F$
$\phi[z(\xi), t]=1+\sum_{r=1}^{\infty}\int_{\mathbb{R}^{r}}F^{r}(\eta_{1}\ldots\eta_{r}, -t)M_{0}^{r}(\eta_{1}, \ldots, \eta_{r})d\eta_{1}\ldots d\eta_{r}$
$F^{r}$
$\frac{d}{dt}F(v(\xi, t), t)=0$
$\frac{\partial}{\partial t}F(v(\xi, t), t)+\int_{\mathbb{R}}\frac{\delta F(v(\xi,t),t)\partial v(\xi,t)}{\delta v(\xi)\partial t}=0$
$r=0,1$ Taylor
$\frac{\partial F^{0}}{\partial t}=0,$
$\frac{\partial F^{1}}{\partial t}(\eta_{1}, t)=\nu\eta_{1}^{2}F^{1}(\eta_{1},t)$
r-
$\frac{\partial F^{r}}{\partial t}(\eta_{1}, \ldots, \eta_{r}, t)=\nu(\sum_{l=1}^{r}\eta_{l}^{2})F^{r}(\eta_{1}, \ldots, \eta_{r}, t)$







$F^{r}( \eta_{1}, \ldots, \eta_{r}, t)=G^{r}(\eta_{1}, \ldots, \eta_{r})\exp(\nut\sum_{l=1}^{r}\eta_{l}^{2})$
$+ \frac{i}{2r}\sum_{k,l--1,k\neq l}^{r}\int_{0}^{t}\exp(v(t-s)\sum_{\iota=1}^{r}\eta_{t}^{2})(\eta_{l}+\eta_{k})F^{r-1}(\eta_{1}, \ldots, \eta_{l}+\eta_{k},\ldots, \eta_{r}, s)ds$
( Duhamel )
Burgers
$F^{r}( \eta_{1}, \ldots, \eta_{r}, t)=e^{\nu\Sigma_{\iota=1}^{r}\eta_{l}^{2}}tF^{r}(\eta_{1}, \ldots, \eta_{r}, 0)=\frac{i^{r}}{r!}e^{\nu\eta_{1}^{2}t}z(\eta_{1})e^{\nu\eta_{2}^{2}t}z(\eta_{2})\ldots e^{\nu\eta_{r}^{2}t}z(\eta_{r})$
$\phi[z(\xi), t]=1+\sum_{r=1}^{\infty}\int_{\mathbb{R}^{r}}\frac{i^{r}}{r!}e^{-\nu\eta_{1}^{2}t}z(\eta_{1})e^{-\nu\eta_{2}^{2}t}z(\eta_{2})\ldots e^{-\nu\eta_{r}^{2}t}z(\eta_{r})M_{0}^{r}(\eta_{1}, \ldots, \eta_{r})d\eta_{1}\ldotsd\eta_{r}$
$=\phi_{0}[e^{-\nu eta^{2}t}z(\eta)].$
Burgers
$\frac{\partial F^{r}}{\partial t}(x_{1}, \ldots, x_{r}, t)+\sum_{l=1}^{r}v\frac{\partial^{2}}{\partial x_{l}^{2}}F^{r}(x_{1}, \ldots, x_{r}, t)$
$+ \frac{1}{r} \sum_{k<l,k,l=1}^{r}\frac{\partial}{\partial x_{l}}F^{r-1}(x_{1},\ldots, x_{r-1}, t)\delta(x_{k}-x_{l})=0$
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$r=2$
$\frac{\partial F^{2}}{\partial t}(x_{1}, x_{2}, t)+\nu(\frac{\partial^{2}}{\partial x_{1}^{2}}+\frac{\partial^{2}}{\partial x_{2}^{2}})F^{r}(x_{1}, x_{2},t)+\frac{1}{2}\frac{\partial F^{1}}{\partial x_{1}}\delta(x_{1}-x_{2})=0$
B.





$= \int\Psi[v]\mu_{t}(dv)$ (Hopf identity )
$\Psi[v]\equiv\exp(i\int_{-\infty}^{\infty}v(\xi)z(\xi)d\xi)$
Hopf $F$
$\phi[z(\xi), t]=\int\Psi[S_{t}v]\mu_{0}(dv)=\int\Psi[v]\mu_{t}(dv)=\int F[v, -t]\mu_{0}(dv)$
2 3 Taylo
$\phi[z(\xi), t]=\int(1+\sum_{r=1}^{\infty}v(\eta_{1},t)\ldots v(\eta_{r}, t)\frac{i^{r}}{r!}z(\eta_{1})\ldots z(\eta_{r})d\eta_{1}\ldots d\eta_{r})\mu_{0}(dv)$.
$= \int(1+\sum_{r=1}^{\infty}v(\eta_{1})\ldots v(\eta_{r})\frac{i^{r}}{r!}z(\eta_{1})\ldots z(\eta_{r})d\eta_{1}\ldots d\eta_{r})\mu_{t}(dv)$
$= \int(1+\sum_{r=1}^{\infty}v(\eta_{1})\ldots v(\eta_{r})F^{r}(-t, \eta_{1}, \ldots,\eta_{r})d\eta_{1}\ldots d\eta_{r})\mu_{0}(dv)$
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$M_{t}(x_{1}, \ldots, x_{k})=1+\sum_{r=k}^{\infty}\int_{\mathbb{R}^{r}}F^{r}(\eta_{1}\ldots\eta_{r}, -t)M_{0}^{r}(\eta_{1}, \ldots, \eta_{r})d\eta_{1}\ldotsd\eta_{r},$
$F^{k}(\eta_{1}, \ldots, \eta_{k}, t=0)=\exp i(\eta_{1}x_{1}+\ldots+\eta_{k}x_{k})$ ,
$F^{k}(\eta_{1}, \ldots, \eta_{r}, t=0)=0, (r\neq k)$
V.
Rosen(1960)






$\phi[\theta(x), t]=\int K[\theta(x), t|\theta’(x), t’]\phi[\theta’(x), t]\mathcal{D}\theta$
$K$ “ ”
$Z=K[ \theta(x),t|\theta’(x), t’]=N\iint\exp(iS[\eta, \zeta])\mathcal{D}\eta \mathcal{D}\zeta$
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“ $H$ ” $IX$
$S[ \eta, \zeta]=\int_{t_{0}}^{t}dt\int dx(\frac{\partial\eta}{\partial t}\zeta+\eta Q[\zeta])$ ,
$Q[u] \equiv-\frac{1}{2}\partial_{x}u^{2}+\nu\partial_{x}^{2}u$





Levy Laplacian (Feller [47])
Burgers Hopf
$\frac{\partial u}{\partial t}=-u\frac{\partial u}{\partial x}+\nu\frac{\partial^{2}u}{\partial x^{2}},$






$\mathcal{M}$ $x_{0}$ , $\rho$ Hilbert
$l^{2}$





$\frac{\partial u}{\partial t}=\triangle u+Vu, u(x, 0)=f(x)$
Brown (Feynman-Kac )
$u(x, t)=E_{x}[f(X_{t}) \exp(\int_{0}^{t}V(X_{s})ds)],$
$X_{t}$ Brown path, $E_{x}$ Hopf
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